MS221 : Supplementary Resource Material for Chapter C2

There are no questions on the (revision) material introduced in section one of this
Chapter, as all the topics have been comprehensively dealt with in the resource
material for Chapter C2 of MST121.

Question 1

Use integration by parts to evaluate each of the following indefinite integrals:

(a) J.xseczxdx (b) J.x” Inxdx (c) sze‘“dx

(d) jsin‘lxdx (e) Icos‘lxdx (f) Ie“xsinﬁxdx
Question 2

Use integration by parts to evaluate each of the following definite integrals:
7 i 2 ! 1 K 2 _kx
(a) jo xsin?x dx (b) joxtan xdx (c) jo x%edx

Question 3

Use the suggested substitution to evaluate each of the following integrals:

@) jsecz x-In(tan x) dx by taking u =tan x and then integrating by parts.

(b) (i) Show that sin” x =sin x(1-cos’ x)3

(if) Hence use the substitution u = cos x to determine the integral J'sin7x dx
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(c) Use the substitution u=1-t* to show that J?:z dt = In(ﬂj—wc.
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(d)  Use the substitution u=1 to evaluate

dx=1In2

(e)  Use the substitution u=1 to show that f

(f)  Use the substitution u =1 to show that f Inx dx :g
e X




Question 4

Use the suggested substitution to evaluate each of the following integrals:

(a) By taking u? =1—x*, show that IXS 1-x° dx:—%(l—x3)%(2+3x3)+c

2_ —_—
(b) By taking x_:—f,showthatj( xdx _ 5 +C
+U

5_4X_X2)% 9,/5-4x—x*

(c) Bytaking u*=x, showthatJ v }/ =2 X+4- \/—+In(\/_ )4+c
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(d) By taking u?=1+x, find the exact value of J

2
(e) Use the substitution u® =1+ x* to find the exact value of L X3V1+ X% dx
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(f)  Use the substitution u? = x*> -1 to find the exact value of J -
Lx -1

Question 5

Use the suggested substitution to evaluate each of the following integrals:

(@  Use the substitution x =3sinu to find JL
9-—x?
(b)  Use the substitution t = tan x to find J 5 ax —— dx
4c0s° X—9sIn“ X

(c) Use the substitution t = tan 3 x to find j—
3+5c0s X

(d) By letting x=siné, show that
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(e) By letting x=tan@, show that

Jo(exy 8

3
() By letting x=2sint, show thatj
1 VJA—X?




Question 6

Each of the following curves are rotated through 27 radians about the x-axis
between the specified limits. Calculate, in cubic units, the volume of the solid
of revolution thus formed:

(a) y=sinxcosx betweenx=0andx=%

(b) y=Inx between x=1andx=e

x2+1

() y= between x=5and x=9
X

Question 7

This is a miscellaneous exercise and you may find that some of the integrals
are a little trickier than the previous ones.
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(b) Show that I(l— x? )% dx = % [arcsin X+ Xy/1—x? J +C

(@) Use the substitution x =sint to show that J X =%

7

dé@, giving your answer

(c) Use the substitution t =tané to evaluate f
= Sin20

in the form ping.

%
(d) Use the substitution t = tan x to evaluate J 30037 ! —— dx, giving your
o 3C0S° X+sin‘x
answer in terms of .
(e)  Show that 1( . 22—x j: L .
8\x+2 x°+4) (X+2)(x"+4)
2
Hence prove that J ! 5 X= z+2In2
o (X+2)(x“+4) 32
(f) (i) Prove that the area of a circle of radius r is zr?
X2 y2
(ii) Prove that the area enclosed by the ellipse —2+le is zab
a
% 4
(9) Use the substitution x =siné to show that J X dx= 47 =13
0 V1-x? 64
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(h)  Use the substitution t = tan x to express J _;dx in the form E,
o 3sin2x+3 q

where p and q are coprime integers.
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(i)  Use the substitution x = 3cos® @+ 6sin’é to evaluate J,
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2 x3x-1

())  Use the substitution x =sec? @ to evaluate J

" a2 2 — B
(k)  Use the substitution x =4sin” 4 to show that jo JX(@4-x)dx=7
(1) e Express x*+4x+3 in completed square form

e Hence use the substitution x+2 =secy to find J X

1y
VXF+4x+3
(m)  Consider the curve with equation a’y* = x*(a*—x*) , as shown below.

¥

Show that the total area enclosed by both loops of the curve is 4a°.

(M Find J aresinx
1-x?

2
(0) Prove that J (x=1)°Inx dx = 4l8

1

(p) Given that

2% 1
f ————dx=ar, aeQ
o 5+4cosx

Use the substitution t =tan x to find the value of a.




