MST 121: Supplementary Resource Material for Chapter A3, Functions

For each of the following inequalities, write down the corresponding interval and
describe it as open, half-open or closed.

@ X£0 (b) 2<x<5 (c) -2£x<-1 (d x>0 (e - 1<x£1
Draw the graphs of each of the following functions and, for each one, write down

the largest possible domain, the corresponding image set and a suitable codomain:

@ f(x)=x*-6x+11 (b) f(x)=x*-5x*+6x (c) f(x)=¢€nx
d f(x)=tanx (& f(x)=2 (f) f(x)=¢€" (g f(X)=Inx () f(x) = /x

3x+2

() 00="=

) f9=]2x-3] ®) fe=[dnx| () F()=|2-x*]

A swimming pool is to be constructed

in a country garden, 12 metres long by
9 metres wide. There isto be an area of
lawn bordering the pool, for anyone 9
who wishes to sunbathe, and the owner | X
has specified that the pool and the
border should occupy equal areas

X

12

(& Write down the largest closed interval consisting of values of x which are valid
for this problem.

(b) Write down expressions for the length and width of the pool, for those values of
X identified in (a).

(c) Useyour answersto (a) and (b) to specify a function that returns the area of the

pool.
(d) Hence find the value of x that generates equal areas to the border and the pool.

(@) Express f(x)=2x*+10x- 1 in completed square form.
(b) Deduce the sequence of transformations which transform the graph of
g(x) =x* intothat of f(x).

Specify the sequence of transformations which transform the graph of g(x) = 1 into
X

thatof f(x)= ITB Hence sketch the graph of f (x), indicating on your sketch the
X

co-ordinates of any points where the graph intersects the co-ordinate axes. Show
also on your sketch the co-ordinates of the point of intersection of the horizontal and
vertical asymptotes.




10.

11.

12.

13.

Specify the sequence of transformations which transform the graph of g(x) = | X |

intothat of f (x) =|2x- 3|. Hence sketch the graph of f (x), indicating on your

sketch the co-ordinates of any points where the graph intersects the co-ordinate
axes.

Superimpose the graph of g(x) =| x+ 2| onto the graph of f (x) =|2x- 3| drawn
in question six. Hence solve the equation | 2x- 3|=|x+2]|.

Specify the sequence of transformations which transform the graph of g(x) =gn x
into that of f (x) =5+ 2dn( x- £) . Hence sketch the graph of f (x),for O£ X£ 2p.

(@ Sketchthegraphof f(x)=3"for - 1£ x£1

, X

(b) Explainwhy E%Q © 3%, and hence describe a single transformation which
e3g

transforms the graph of f (x) =3* intothat of g(x) = 6%9
es3g

() Hence sketch the graph of g(x) on the same set of axes used to sketch f (x).

By considering the effect of an appropriate transglation on the graph of the function
f (x) = €*, sketch the graph of the function g(x) =e**.

For each of the following functions, state whether the function is increasing,
decreasing, neither increasing nor decreasing, one-one or many-one:

@ f)=+/x,(0) fX)=tanx,-2<x<2 () f(x)=1- x* (d) f(x)=]2x+1]|

(a) Sketchthegraphof f(x) = x?, g(x) =+/x and h(x) = x on the same set of axes,
taking the domain as {x1 A :x3 G} .

(b) How arethe graphsof f (x) and g(x) related to the graph of h(x) ?

(c) Suppose that you wished to solve the equation f (x) = f **(x). Explain how you
could do thisby using h(x) , and without explicitly calculating the inverse
function.

(d) Solvethe equation f (x)=f *(x).

For each of (a)-(e) below, write down an expression for the inverse function and its
corresponding domain.
(@ f(x)=x*-12x+9, 6£x£14 (b) f(x)=In(1+2x), x>-1

3x-4 A

(© f(x)=2x+5, O£ x£10 (d) f(x)=4x-5 8EXE1L5 (e) f(x)=e*, xI A
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20.

21.

22.

The Fahrenheit temperature of abody is obtained by multiplying the Celsius
temperatureby 2 and adding 32, the rule being valid for all Celsius temperatures

greater than or equa to - 273.

(@ Find afunction to enable the Fahrenheit temperature to be calculated from the
Celsius temperature.

(b) Find the inverse function which converts a Fahrenheit temperature to a
Celsius temperature.

Without using a calculator, write down the exact values of each of the following
expressions:

() log,,100000 (b) log, 8 (c) log(z;) (d) logs0.2 (€) log, () (f) log,81

Write each of the following eguations in an aternative form, not involving
logarithms:

@ log,q=r (b)log,,100=2 (c) log,r =1-q (d) log,,y=z

Evaluate each of the following expressions, giving your answers correct to three
significant figures:

(@ log,11 (b) log,8 (c) log,, 27 (d) log,1111 (€) log,,, 419 (f) log, 206

Express each of the following in terms of log, X, log, y ad log, z
wzys o 83(4y8 o)
@ Iogag—i (b) log, xy°2° (c) log, 4/x'y?z*" (d) Iogacri
Z g NS
Express each of the following as a single logarithm:
(@ Ine*” 2log,a (b) 3log,4+5log, 2- 6log,4 (c) ilog,49- tlog,81
Solve each of the following equations, giving your answers as exact logarithms:

(a) 3x :5 (b) 23x—1218 (C) 52x—l:21—4x (d) 62—4x 75x+3 (e) é-o :6

e5y)

By firstly making an appropriate substitution or otherwise, find the exact values of x
that satisfy each of the following equations:

@ 2(3)%-9(3) =-4 (b) 3(4)> +11(4)* =4 (c) 25" =5"'-6
(d) e -6e*-4=0 (6 5(2>+12(4)*-7=0 (f) 2*+3(2) *- 6=0

Write down the exact value, in radians, of each of the following expressions:

/30 & 30 16
tan ¢- —: b —— d —
@ arcang ( ) arccosge?g (c) acsn ( ) arccosg 5
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Answers:

(@ (-¥,0] closed (b) (2,5 open (c) [-2,-1D half open (d) (0,¥) open

(® (-1,7 half open

(@)
2 2 4 6 8
Domain= A
Image Setis [2,¥)
Codomain = A
(c) 1

0.5F

-1F

Domain= A
Image Setis [- 11]

~

Codomain= A

N

Domain= {xI A :x1 0}
Image Set is (- ¥,0) E (0,¥)

Codomain= A

(b) °f
6l
alb
2L
1 1 2 3 4
2L
-4l
Domain= A
Image Setis A, or (- ¥,¥)
Codomain = A
(d)

J
N

Domain= {xI A :x! £(2n+1),nl Z}
Image Set is A

Codomain= A

(f)

N W A O N

Domain= A
Image Set is (0,¥)

Codomain= A




@

—

e

Domain= (0,¥)
Image Set is A

~

Codomain= A

R
X

Domain= (-¥,) E (L¥)
Image Set is (- ¥,3) E (3, ¥)

Codomain= A

(k)

Domain= A
Image Set is [0/]]

~

Codomain= A

(h)

10

2 40 60 80 100

Domain = [0,¥)
Image Set is [0,¥)

Codomain= A

()]
10
8
2
Domain= A
Image Set is [0, ¥)
Codomain= A
()]

Domain= A
Image Set is [0, ¥)

-~

Codomain= A

@ [02] (b) length =12- 2x,width =9- 2x
© f(9=(12-2¥(9- 2¥,xT [0,2] (d) (12- 2x)(9- 2x)=1"108P x=15




@ 2(x+3)*- %
(b) © Horizontal trandation of 2 units to the left, followed by

y-scaling, with scale factor 2, followed by
Vertical trandation, by 2 units downwards

X-3_1+x-4 _1+x 4 _, 4 :

1+x 1+ X _1+x 1+x_ 1+x

So the required transformations are L)

Horizontal translation of 1 unit to the left,
followed by

Vertical trandation, by 1 unit upwards

y-scaling, scale factor - 4, followed by g/ﬂs',m x

f(x) =] 2x- 3]=2|x- |. =
So the required transformations are ]

" Horizontal trandation of £ unit to the right
" Followed by y-scaling, with scale factor 2 03)

We need to solve
X+2=2x-3pb x=5

X+2=3-2xbP x=1 o2

Hence there are two solutions to the
equation | 2x- 3|=| x+2/|, and these

ae x=1%, o *

Horizontal translation of £ unitsto theright, ° ()

followed by 4
y-scaling, with scale factor 2, followed by ,
Vertical trandation, by 5 units upwards _ - g()=sinx

Hence the graph of (%) * is obtained from that of

3* by reflection in the y-axis.
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20.

21.

22.

The graph of e** isobtained from that of e* by )

ahorizontal transation of 1 unit to the right. 15
é(-l

-1 -0.5 0.5 1

Increasing and one-one (b) Increasing and one-one (¢) Neither increasing nor
decreasing, and many-one (d) Neither increasing nor decreasing, and many-one

(b) g(x) isareflectionof f(x) in h(x) 4

(©) As g(x) isareflectionof f(x) in y=x,
then g(x) = f "*(x) . Hence any solutions of
f(x)=f *(x) arealso solutionsto f (x) = x.

2f

(d)\ f(x)=f*(X) P x*=x,whichhassolutions x =01
@ fH(X):xe>6+x+27,x1 [-27,37] (b) f *(x):x—>21(e-1,xI A

(© f1(x):xs 21X i €

e
3- 2x &

© f (¥ x> 1inx xI (0¥)

% 200 (o) £4(x): x> 3 (x+5), x1 [27,55]

254

(8 F(C)=2C+32,Ci[-273¥) (b) C*F)=2(F-32),FI [-459.4¥)
@ 50 3@ -3@-1(-4()4

@ p"=q (b) 10°=100 (c) t**=r (d) (2- ¥*=y

(8) 1.23 (b) - 1.89 (c) 1.04 (d) 10.1 (e) 1.24 (f) 2.42

(@ 2log, x+5log, y- 3log, z (b) log, x+3log, y+5log, z

(c) 2log, x+log, y+nlog,z (d) 4log, x+8log, y- 3log, z

(8 log,a® (b) log,3 (o) log, (%)

_In5 _2In6 _In10 _ In[) __Ine.
@ x=13 O =315 ©Ox=550 @ X = 1omesm © * 305
__In2 2In2 __In3 _In2 In3 -
@ x= In3" In3 (b) x 2In2 © x In5'In5 @ x=In(2+10)
© x=. &) o _INE£V6)

" 2In2 In2
@-¢t®2O-%@ 2







