M S221: Tutorial Support Material for Chapter A3, Functions from geometry

Write down a parametrisation function for each of the following curves:
(@ Thecircle (x+4)*+(y- 2> =9 (b) Theparabola y* = 20x
(c) Theleft branch of the hyperbola x* - L y? =1

In each case substitute your proposed parametrisation into the given Cartesian
equation to confirm that your solution is correct.

This question concerns the quadratic curve L with equation x? - y? - 8x+10y =10

(& Find the trandation function that maps the quadratic curve L onto aconic K in
standard position. Write down the equation of K.

(b) Write down the trandation function that maps K onto L

(c) Find a parametrisation function (or functions) for the quadratic curve, L

Express each of the following trandationsin the form t

(@ Theinverseof t ,, (b) thecomposte t; ,ot, ,

For each of the following angles, use the rotation formula

ry - (X,y) = (xcosq- ysn g, xsnq+ycosq)
to determine the function that specifies the rotation through that angle about the
origin. In each case

Cdculate theimage of (1,0) under the given function

Determine the inverse function

Check that the inverse function correctly maps the image of (1,0) calculated
above back onto (1,0)
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Usetheresult r o1, =r, , to determine each of the following composite functions.
In each case, please ensure that your answer liesin the interval (- p,p] .

(a) rJl ° rp_ (b) rJl_ ° r_p_ (C) réﬂ ° réa (d) r_p_ °© r_éa
6 4 6 3 4 2 6

3

Consider the reflection g and trandlation t with definitions given by
q:A?® A? t:A?® A?
and
(X y) = (-XY) (X y) = (X y-5)
(a) Describe the geometric effects of the functions g and t.

(b) What special name is given to the composite of these two functions
(c) Determine the composite functions got and to q, and comment on the result.

(d) Usethedefinitionsof g andt to determine the image of (2,3), and verify that
get(23)=toq(2,3.




10.

11.

12.

13.

14.

Let g be the transformation that reflects the plane in the y-axis, and let r be the
transformation that rotates the plane clockwise about the origin through £ radians.
Algebraicaly, these have the forms

q:A?® A? r:A?2® A?
(X Y) > (- X.Y) (xy) > (2 (/3x- y). 2 (x++3y))
(d) Determine the composite isometries roq and gor .
(e) isittruethat rog=qor ?

(f) Useyour answer to (b) to make a general statement about combinations of
reflections and rotations.

Let | be the line through the origin that makes an angle q radians with the direction
of the positive x-axis. For each of the following values of g, use the function
q,:A?® A?
(%, ¥) = (xcos(2q) + ysin(2q), xsin( 2q) - y cos(20))
to determine the image of an arbitrary point (x,y) under thereflection g,

@ g=% (0 a=% (© g=% (d g=%

(@) Find secq and cotq, giventhat sng=-3 and ql (2,p)

(b) Find cosecq and cosq, giventhat tang=2 and g1 (p,2)

(c) Find snq, secq and cosecq, given that cotq =< and ql 0%

Use the addition formulas
an(gqzxf)=dnf cosqz+cosf anq
cos(qxf) =cosf cosgranf anqg

to find the exact values of

(@ sn2 (b) cosec® (c) sec (d) cos

tanqzx tanf

Use tan(qzxf) =
(q£1) lxtanqtanf

to find the exact values of (a) tan2 (b) cot &

Use the half angle formulas sin?q =1(1- cos2q) and cos?q=21(1+cos2q) tofind
the exact values of (a) sn2 and (b) cos.

and hence deduce the exact values of (c) tan2 (d) cosec® (e) sec® (f) cot

Use the half angle formulasto find snq and cosq, where q is the angle in the
interval (0,2) for which cos(2q) =- 2.

Use the techniques introduced in section 4 of the unit to sketch the curves with
equations 14x° +5xy+2y* - 28=0 and 5x° +8xy- 10y*-12=0




Answers:
(@ Thiscurveisacircle, centre (- 4,2) and radius 3. Hence

p:[0,2p]® A?
t— (3cost- 4,3snt+2)

(b) This curve is a parabolain standard position, y* = 4ax,with a =5. Hence

p:A® A?
t > (5t7,10)
. : x>y " : B
(9) Thiscurveis a hyperbola 7 1 in standard position with a =./5 and
b=412 =2./3. Using (x,y) =(asect, btant) givesthe parametrisation of the

left branch of the hyperbola as
p:(3.%)® A

trs (VB sect, 243 tant )

(@ x*-y?-8x+10y=10b (x- 4)*- (y- 5% =1. Sothetransformation t is
t:A?® A?
(xy) = (x- 4,y-5)
Theimage of L under t is the hyperbola K with equation x*- y* =1
(b) t:A°® A?
(xy) = (x+4,y+5)

(¢) Therules are the same for each branch of the hyperbola, but the domains of the
parameter t are not. The parametrisations of the left and right branches of the
hyperbola are respectively

p:(5.%)® A g Pil3E)E A7
t+> (4+sect, 5+tant ) t> (4+sect,5+tant )
@ .5 (0t 5
@ " r:A?®A? T o= ©0n - r,;A2® A?
2 X y)= (- v, X) 2 X y) = (y,- X)
() "~ AT AL o (42)

() (4(x- By ).4(Jax+y))

r,:A?®A?

(x9) (3(xe By )2 (v~ ¥3))




10.

11.

12.

© " A2® A? T 10 (%,%)
(%9 (2(43x- y). 2 (x+By))

M AZ2® A?
(xy) > (2(vBx+y).2(V3y- X))
(d) The results here are the same as those obtained in (a), for arotation through £
radians anticlockwise is equivalent to arotation through 2 radians clockwise
r,;A?® A? - (0= (0] " r,A?® A?
2 (X y) = (- ¥, %) 2 X y) = (y:- %)
€) Iy (b) ry (@) My =15 (d) M = T2

(8 g describes reflection in the y-axis, and t describes a vertical translation through
5 units downwards.
(b) Glide reflection

© teq:A?® A? o got:A?2® A?
(xy) (-xy- 5 (xy) (-xy-5)
It does not matter in which order we form the composite, as tocq =qot
d 23)-(-2-2)
(@ roq:A’® A? gor:A?® A?
e (-3 (vBery) 2 (VBy- o) T en e (34 )3 (x4By))
(b) No. req?t gor

(c) Composition of rotations and reflections is not commutative. In other words, it
matters in which order the transformations are composed.

(@ d;:A’®A* (b) d,:A*®A?
(x Y (H(x+y). 5 (x ) (xy) > (2(Bx+y).2(x- +3y))
(€ q,:A*® A? 0, AZ2® A?
: d 4
(% Y) = (¥.%) (x> (-2 (x+43y). 2 (y-+3x))

(8 secq=- 2 and cotq=-2 (b) cosecq=-2 ad cosq=- ¢

(c) Sng=2%, secq=4 and cosecq = i
(@ 2(V2+6) ®) v6- 2 (0 v6-2 (@) +(v2- 6)
(@ 2+4/3 () V3-2

@ Smae?po ’1 cos® _ |1-(- T)__ 2542 (b 1«/27

e8;25




\2+42 " 2 1.,
O e 0 a0 = ) e

13. Since gl (0,2), weknow that sSnq and cosq are both positive. Hence

. 1- cos2q \/l+% \/7 1
qng= = = |—==x/7
q \/ 2 2 9 3X\/—

+ 1-2

14. . 14x® +5xy+2y?- 28=0 isof the general form Ax? + Bxy+Cy?+F =0
where A=14,B=5C=2and F =-28.

As Al C,wehave tan2qg = A;BC —13 Hence the angle of inclination, g, is
givenby q=larctan3 »11°

We must now apply equations 4.6 on page 40 of Unit A3. Firstly, however, we
notethat tan2q=- P sn2q=- and cos2q=3%

\ cos®q=4(1+cos20) =4(L+4) =2 . 5

s =30 20 =30 )= A

MlN

\ A¢= Acos’q+Bsnqcosq+Csn?q=14" £+5" 5 +2°
(=0 (by construction, as our intention isto eliminate the term in xy)
C¢= Asn?q- Bsnqcosq+Ccos’q=14"L-5 2+2" £=3
D(=E(=0,and F(=F =-28
Hence the equation of the conic in standard position is
AKZ +C§* +FC=0P 2x*+3y?- 28=0

To sketch the given conic, we must

Thissimplifiesto 29x? +3y? =56, | oo the ali the left throuah
which isan ellipsethat we can easily roo € the elipse on the roug
. :  11° anticlockwise.
sketch: : ‘
W




5x* + 8xy- 10y® - 12 =0 is of the general form Ax® + Bxy+Cy* +F =0
whee A=5B=8,C=-10ad F =-12.

As Al C,wehave tan2q :A;BC :%. Hence the angle of inclination, g, is

givenby q=larctan£ » 14°

We must now apply equations 4.6 on page 40 of Unit A3. Firstly, however, we

notethat tan2q==SP sn2q=2 and cos2q=1

\ cos”q=4(L+cos2q) =4(L+4) =1 Wt

sn?q=4(1- cos2q) =4(1- &8)=1 A

\ Al= Acos’q+Bsnqcosq+Csn®q=5 £+8" 4-10" L1 =6
B¢=0 (by construction, as our intention is to eliminate the term in xy)
C¢= Asn’qg- Bsnqcosq+Ccos’q=5"L1-8" 4-10" &£=-11
D(=E(=0,and F(=F =-12
Hence the equation of the conic in standard position is
AK® +Ce2 +F¢=0P 6x?- 11y>-12=0
Thisis a hyperbolain standard : To sketch the given conic, we must

position, which we can easily sketch: | rotate the one in standard position
: through 14° anticlockwise.




