
MS221: Tutorial Support Material for Chapter A3, Functions from geometry 
 
  

1. Write down a parametrisation function for each of the following curves: 
  

 (a) The circle 9)2()4( 22 =−++ yx     (b)  The parabola xy 202 =  
 

(c)  The left branch of the hyperbola 12
12
12

5
1 =− yx  

  

 In each case substitute your proposed parametrisation into the given Cartesian 
equation to confirm that your solution is correct. 

  
2. This question concerns the quadratic curve L with equation 1010822 =+−− yxyx  
  
 (a) Find the translation function that maps the quadratic curve L onto a conic K in 

standard position. Write down the equation of K. 
(b) Write down the translation function that maps K onto L 
(c) Find a parametrisation function (or functions) for the quadratic curve, L 

  
 

3. Express each of the following translations in the form qpt ,  
  

 (a)  The inverse of 8,2−t   (b)  the composite 2,21,6 −− tt o  
  
4. For each of the following angles, use the rotation formula  
  

 )cossin,sincos(),(: θ+θθ−θθ yxyxyxr a  
  

 to determine the function that specifies the rotation through that angle about the 
origin. In each case 

  

 ♦ Calculate the image of )0,1( under the given function 
♦ Determine the inverse function 
♦ Check that the inverse function correctly maps the image of )0,1( calculated 

above back onto )0,1(  
  

 (a)   2
π    (b)   3

π    (c)   6
π    (d)  2

3π−  
  
5. Use the result φ+θφθ = rrr o , to determine each of the following composite functions. 

In each case, please ensure that your answer lies in the interval ],( ππ− . 
  

 (a)   
63
ππ rr o     (b)    

64
ππ −

rr o    (c)   
4

3
3

2 ππ rr o    (d)  
6

5
2

ππ −−
rr o  

   
6. Consider the reflection q and translation t with definitions given by 
  

 

),(),(    
: 22

yxyx
q

−
ℜ→ℜ

a       and       
)5,(),(    

: 22

−
ℜ→ℜ

yxyx
t

a  

  

 (a) Describe the geometric effects of the functions q and t. 
(b) What special name is given to the composite of these two functions 
(c) Determine the composite functions qttq oo   and  , and comment on the result. 
(d) Use the definitions of q and t to determine the image of (2,3), and verify that 

)3,2( )3,2( qttq oo = . 
  



  

7. Let q be the transformation that reflects the plane in the y-axis, and let r be the 
transformation that rotates the plane clockwise about the origin through 6

π  radians. 
Algebraically, these have the forms 

  

 

),(),(    
: 22

yxyx
q

−
ℜ→ℜ

a            ( ) ( )( ) 3 , 3  ),(    

:

2
1

2
1

22

yxyxyx

r

+−

ℜ→ℜ

a
 

  

 (d) Determine the composite isometries rqqr oo   and   . 
(e) is it true that rqqr oo = ? 
(f)  Use your answer to (b) to make a general statement about combinations of 

reflections and rotations. 
  
8. Let l be the line through the origin that makes an angle θ radians with the direction 

of the positive x-axis. For each of the following values of θ, use the function 
  

 

( ))2cos()2sin( ),2sin()2cos(),(       

: 22

θ−θθ+θ

ℜ→ℜθ

yxyxyx

q

a
 

  

 to determine the image of an arbitrary point ),( yx  under the reflection θq  
  

 (a)   8
π=θ    (b)   12

π=θ    (c)   4
π=θ    (d)   3

2π=θ  
  
 

9. (a)  Find θsec  and θcot , given that 13
5sin =θ  and ),( 2 π∈θ π  

  

 (b)  Find θ cosec  and θcos , given that 4
3tan =θ  and ),( 2

3ππ∈θ  
  

 (c)  Find θsin , θsec  and θcosec , given that 15
8cot =θ  and ),0( 2

π∈θ  
  
10. Use the addition formulas 
  

 
θφθφ=φ±θ
θφ±θφ=φ±θ

sinsincoscos)cos(
sincoscossin)sin(

∓  

  

 to find the exact values of 
  

 (a)  12
5sin π   (b) 12

5cosec π   (c) 12sec π   (d) 12
7cos π  

  
 

11. Use 
φθ
φ±θ

=φ±θ
tantan1
tantan

)tan( ∓  to find the exact values of  (a) 12
5tan π   (b) 12

7cot π  

  
 

12. Use the half angle formulas ( ) ( )θ+=θθ−=θ 2cos1os  and  2cos1sin 2
12

2
12 c   to find 

the exact values  of (a) 8
3sin π   and (b) 8

3cos π . 
  

 and hence deduce the exact values of  (c) 8
3tan π  (d) 8

3cosec π  (e) 8
3sec π  (f) 8

3cot π  
  
13. Use the half angle formulas to find θθ cos  and  sin , where θ is the angle in the 

interval ),0( 2
π  for which 9

5)2cos( −=θ . 
  
14. Use the techniques introduced in section 4 of the unit to sketch the curves with 

equations 0121085   and  0282514 2222 =−−+=−++ yxyxyxyx  
  



  

 Answers: 
  

1. (a) This curve is a circle, centre )2,4(−  and radius 3. Hence  
  

 

)2sin3 ,4cos3(     
]2,0[: 2

+−
ℜ→π

ttt
p

a  

  

 (b) This curve is a parabola in standard position, axy 42 = , with 5=a . Hence 
  

 
                                            

)10,5(     

:
2

2

ttt

p

a
ℜ→ℜ

 

  

 
(g) This curve is a hyperbola 1

2

2

2

2

=−
b
y

a
x

 in standard position with 5=a  and  

      3212 ==b . Using )tan ,sec(),( tbtayx =  gives the parametrisation of the  
       left branch of the hyperbola as 

  

 
                                            

( )
( ) tan32 ,sec5       

,: 2
2

3
2

ttt

p

a
ℜ→ππ

 

  
 

2. (a)  1)5()4(10108 2222 =−−−⇒=+−− yxyxyx . So the transformation t is 
  

 
                                            

)5,4()(     
: 22

−−
ℜ→ℜ

yxx,y
t

a  

  

        The image of L under t is the hyperbola K with equation 122 =− yx  
  

 
       

)5,4()(     
: 22

++
ℜ→ℜ

yxx,y
t

a  

  

 (c) The rules are the same for each branch of the hyperbola, but the domains of the 
parameter t are not. The parametrisations of the left and right branches of the 
hyperbola are respectively 

  

 ( )
( ) tan5 ,sec4       

,: 2
2

3
2

ttt

p

++

ℜ→ππ

a
      and       

( )
( ) tan5 ,sec4       

,: 2
22

ttt

p

++

ℜ→− ππ

a
 

  
 

3. (a)  8 ,2 −t   (b) 3 ,8 −t  
  

4. (a)   ♦                                       ♦   )1,0()0,1( a      ♦    
  
  
 (b)   ♦                                                                ♦   ( ) , )0,1( 2

3
2
1a       

  
  
           
         ♦ 
  
  
  
  

(b) 

),(),(      

: 22

2

xyyx

r

−

ℜ→ℜπ

a
 

),(),(      

: 22

2

xyyx

r

−

ℜ→ℜπ−

a
 

( ) ( )( ) 3  ,  3   ),(      

:

2
1

2
1

22

3

yxyxyx

r

+−

ℜ→ℜπ

a
 

( ) ( )( ) 3  ,  3   ),(      

:

2
1

2
1

22

3

xyyxyx

r

−+

ℜ→ℜπ−

a
 



  

 (c)   ♦                                                                      ♦   ( ) , )0,1( 2
1

2
3a  

  
  
           
         ♦ 
  
  
  

 (d) The results here are the same as those obtained in (a), for a rotation through 2
π   

radians anticlockwise is equivalent to a rotation through 2
3π   radians clockwise 

  

        ♦                                          ♦   )1,0()0,1( a        ♦ 
  
  
  
 

5.  (a)  
2
πr   (b)  

12
πr   (c)   

12
7

12
17 ππ −

= rr   (d)  
3

2
3

4 ππ =
−

rr  
  

6. (a) q describes reflection in the y-axis, and t describes a vertical translation through 
5 units downwards. 

(b) Glide reflection 
  

 
        

)5,(),(        
                : 22

−−
ℜ→ℜ

yxyx
qt

a
o

 and  
)5,(),(        

                : 22

−−
ℜ→ℜ

yxyx
tq

a
o

 

  

       It does not matter in which order we form the composite, as tqqt oo =  
  

 (d)  )2,2()3,2( −−a  
  
 

7.        
( ) ( )( )  3  , 3  - ),(        

:

2
1

2
1

22

xyyxyx

qr

−+

ℜ→ℜ

a
o   ,  

( ) ( )( )  3  , 3  - ),(        

:

2
1

2
1

22

yxyxyx

rq

+−

ℜ→ℜ

a
o  

  

 (b)  No. rqqr oo ≠  
  

 (c) Composition of rotations and reflections is not commutative. In other words, it 
matters in which order the transformations are composed. 

  
 

8.        
( ) ( )( )    ,    ),(        

:

2
1

2
1

22

8

yxyxyx

q

−+

ℜ→ℜπ

a
          

( ) ( )( )  3  , 3   ),(        

:

2
1

2
1

22

12

yxyxyx

q

−+

ℜ→ℜπ

a
 

  

 
       

 ),(),(        

: 22

4

xyyx

q

a
ℜ→ℜπ               

( ) ( )( )  3-  , 3  - ),(        

:

2
1

2
1

22

3
2

xyyxyx

q

+

ℜ→ℜπ

a
 

  
 

9. (a)  5
12

12
13 cot  and  sec −=θ−=θ    (b)  5

4
3
5 cos  and  eccos −=θ−=θ  

  

 (c)   eccos  and  sec  ,sin 15
17

8
17

17
15 =θ=θ=θ  

  
 

10. (a)  ( )62 4
1 +   (b)  26 −   (c) 26 −   (d) ( )62 4

1 −  
  
 

11.  (a) 32 +   (b) 23 −  
  

 
12.  (a)  22

2
1

2

)(1

2
cos1

8
3

sin 2
1

4
3

+=
−−

=
−

=





 π π

   (b)  22
2
1

−  

  

( ) ( )( ) 3  , 3   ),(      

:

2
1

2
1

22

6

yxyxyx

r

+−

ℜ→ℜπ

a
 

( ) ( )( )  3  , 3   ),(      

:

2
1

2
1

22

6

xyyxyx

r

−+

ℜ→ℜπ−

a
 

),(),(      

: 22

2

xyyx

r

−

ℜ→ℜπ

a
 

),(),(      

: 22

2

xyyx

r

−

ℜ→ℜπ−

a
 

(c)  

(a)  

(a)  (b)  

(c)  
(d)  



  

 
(c) 21223

22

22
+=+=

−

+
  (d) 

22

2

+
 (e) 

22

2

−
  (f)  21

21
1

+=
+

 

  

13. Since ),0( 2
π∈θ , we know that θsin   and θcos   are both positive. Hence  

  

 
7

3
1

9
7

2
1

2
2cos1

sin 9
5

⋅==
+

=
θ−

=θ  
  

 
2

3
1

9
2

2
1

2
2cos1

cos 9
5

⋅==
−

=
θ+

=θ  
  

14. •   0282514 22 =−++ yxyx is of the general form 022 =+++ FCyBxyAx  
where 28  and  2 ,5 ,14 −==== FCBA . 

  

 
• As CA ≠ , we have 

12
5

2tan =
−

=θ
CA

B
. Hence the angle of inclination, θ, is 

given by o
12
5

2
1 11arctan ≈=θ  

  

 • We must now apply equations 4.6 on page 40 of Unit A3. Firstly, however, we 
note that 13

12
13
5

12
5 2cos  and  2sin2tan =θ=θ⇒=θ  

  

      ( ) 26
25

13
12

2
1

2
12 1)2cos1(cos =+=θ+=θ∴  

  

         ( ) 26
1

13
12

2
1

2
12 1)2cos1(sin =−=θ−=θ  

  

         26
5

13
5

2
1

2
1 2sincossin =×=θ=θθ  

  

      2
29

26
1

26
5

26
2522 2514sincossincos =×+×+×=θ+θθ+θ=′∴ CBAA  

  

         0=′B  (by construction, as our intention is to eliminate the term in xy) 
  

         2
3

26
25

26
5

26
122 2514coscossinsin =×+×−×=θ+θθ−θ=′ CBAC  

  

         0=′=′ ED , and 28−==′ FF  
  

 • Hence the equation of the conic in standard position is  
  

 0280 2
2
32

2
2922 =−+⇒=′+′+′ yxFyCxA  

  
  
  
  
  
 

 

  
  
  
  
  
  
  
  
  
  

 

This simplifies to 56329 22 =+ yx , 
which is an ellipse that we can easily 
sketch: 
 

  

To sketch the given conic, we must 
rotate the ellipse on the left through 
11o anticlockwise. 



  
 ♦ 0121085 22 =−−+ yxyx  is of the general form 022 =+++ FCyBxyAx  

where 12  and  10 ,8 ,5 −=−=== FCBA . 
  

 
♦ As CA ≠ , we have 

15
8

2tan =
−

=θ
CA

B
. Hence the angle of inclination, θ, is 

given by o
15
8

2
1 14arctan ≈=θ  

  

 ♦ We must now apply equations 4.6 on page 40 of Unit A3. Firstly, however, we 
note that 17

15
17
8

15
8 2cos  and  2sin2tan =θ=θ⇒=θ  

  

       ( ) 17
16

17
15

2
1

2
12 1)2cos1(cos =+=θ+=θ∴  

  

          ( ) 17
1

17
15

2
1

2
12 1)2cos1(sin =−=θ−=θ  

  

          17
4

17
8

2
1

2
1 2sincossin =×=θ=θθ  

  

       61085sincossincos 17
1

17
4

17
1622 =×−×+×=θ+θθ+θ=′∴ CBAA  

  

          0=′B  (by construction, as our intention is to eliminate the term in xy) 
  

          111085coscossinsin 17
16

17
4

17
122 −=×−×−×=θ+θθ−θ=′ CBAC  

  

          0=′=′ ED , and 12−==′ FF  
  

 ♦ Hence the equation of the conic in standard position is 
  

 0121160 2222 =−−⇒=′+′+′ yxFyCxA  
  

  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
 

This is a hyperbola in standard 
position, which we can easily sketch: 
 

To sketch the given conic, we must 
rotate the one in standard position 
through 14o anticlockwise. 
 


